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ABSTRACT. Finding the so-called characteristic numbers of the complex projective plane CP? is a
classical problem of enumerative geometry posed by Zeuthen more than a century ago. For a given
d and g one has to find the number of degree d genus g curves that pass through a certain generic
configuration of points and at the same time are tangent to a certain generic configuration of lines.
The total number of points and lines in these two configurations is 3d — 1 + g so that the answer is
a finite integer number.

In this paper we translate this classical problem to the corresponding enumerative problem of
tropical geometry in the case when g = 0. Namely, we show that the tropical problem is well-posed
and establish a special case of the correspondence theorem that ensures that the corresponding
tropical and classical numbers coincide. Then we use the floor diagram calculus to reduce the
problem to pure combinatorics. As a consequence, we express genus 0 characteristic numbers of
CP? in terms of open Hurwitz numbers.
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1. INTRODUCTION

Characteristic numbers were considered by nineteenth century geometers among which S. Mail-
lard ([Mai7l]) who computed them in degree 3, H. Zeuthen ([Zeu73]) who did third and fourth
degree cases, and H. Schubert ([Sch79]). Modern mathematicians confirmed and extended their
predecessor’s results thanks in particular to intersection theory. P. Aluffi computed, for instance, all
characteristic numbers for plane cubics and some of them for plane quartics (see [Alu88], [AIu90],
[Alu91] and [Alu92]), and R. Vakil completed to confirm Zeuthen’s computation of all characteristic
numbers of plane quartics in [Vak99]. R. Pandharipande computed characteristic numbers in the
rational case in [Pan99], Vakil achieved the genus 1 case in [Vak01], and T. Graber, J. Kock and
Pandharipande computed genus 2 characteristic numbers of plane curves in [GKP02]. In this article,
we provide a new insight to the genus 0 case and give new formulas via its tropical counterpart and
by reducing the problem to combinatorics of floor diagrams.

Before going into the details of the novelties of this paper, let us recall the classical problem of
computing characteristic numbers of CP?.

Let d, g and k be non negative integer numbers such that g < W and £k < 3d+g¢g—1 and

di,...,d3d+g—1—k be positive integer numbers. For any configurations P = {p1,...,px} of k points
in CP?, and £ = {L1,..., L3gtg—1-k} of 3d+g—1—k complex non-singular algebraic curves in CP?
such that L; has degree d;, we consider the set S(d, g, P, £) of holomorphic maps f : C — CP? from
an irreducible non-singular complex algebraic curve of genus g, passing through all points p; € P,
tangent to all curves L; € £, and such that f(C) has degree d in CP2.

If the constraints P and £ are chosen generically, then the set S(d, g, P, L) is finite, and the

characteristic number Ng4(k;di, ..., d3d1g-1-k) is defined as
1
Nd,g(k?;dl,. . '7d3d+g—1—k) — Z -
fesd | Aut(f)]
,9,P,L)

where Aut(f) is the group of automorphisms of the map f : C — CP?, i.e. isomorphisms ® : C — C
such that fo® = f. It depends only on d, g, k and dy, ..., d3q1g—1- (see for example [Vak01]). In

this text, we will use the shorter notation Ng 4(; d?f, . ,d;l) which indicates that the integer d; is
chosen ; times. Let us describe the characteristic numbers in some special instances.

Example 1.1. The number Ny 4(3d — 14 g) is the usual Gromov-Witten invariant of degree d and
genus g of CP2.

Example 1.2. The numbers Ny o(5), Nao(4;1), and Noo(3;12) are easy to compute by hand, and
thanks to projective duality we have

Noo(k; 157%) = Noo(5 — k; 1%) =28 for 0<k <2
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Example 1.3. All characteristic numbers Ns(k; 137%) for rational cubic curves have been com-
puted by Zeuthen ([Zeu72]) and confirmed by Aluffi (JAIu91]). We sum up part of their results in
the following table.
K876 |5 4|3 ]2]1]o0
Nso(k;157%) | 12| 36 | 100 | 240 | 480 | 712 | 756 | 600 | 400

Example 1.4. The number N2 (0; 2°) has been computed independently by Chasles ([Cha64]) and
De Jonquiere. More than one century later, Ronga, Tognoli, and Vust showed in [RTV97] that it is
possible to choose 5 real conics in such a way that all conics tangent to these 5 conics are real. See
also [Sot] and [GhyO08| for a historical account and digression on this subject. See also Example
for a tropical version of the arguments from [RTV97]. We list below the numbers Ny (k; 257%).

Noo(4;2) =6 Noo(3;2%) =36  Npg(2;2%) = 184
Noo(1;2%) = 816 Noo(0;2°) = 3264

More generally, the characteristic numbers Ng 4 (k; 13d=1+9=F) of CP? determine all the numbers
Ngg(k;di,...,d3qa—14g—k). Indeed, by degenerating the non-singular curve Lag,_,,_, to the union
of two non-singular curves of lower degrees intersecting transversely, we obtain the following formula
(see for example [RTVI7, Theorem 8])

Nag(kidu, ... dsa—1+g-k) = 2d35 1,5 3d3g 1.y xNag(h+1idi, ... d3za—o4g-k)
(1)
"‘Nd,g(k; d17 e 7déd_1+g_k) + Nd,g(k§ d17 R gd_1+g—k)

o "
where d3q—1+9-k = d3g 149k + d34-11g k-

This paper contains three main contributions. First we identify tropical tangencies between two
tropical morphisms. Then we deduce from the location of tropical tangencies a Correspondence
Theorem which allows one to compute characteristic numbers of CP? in genus 0. Finally, using the
floor decomposition technique we provide a new insight on these characteristic numbers and their
relation to Hurwitz numbers.

Thanks to a series of Correspondence Theorems initiated in [Mik05] (see also [NS06], [Shu05],
[Nis|, [Tyol2], [Mik]), tropical geometry turned out to be a powerful tool to solve enumerative
problems in complex and real algebraic geometry. However, until now, Correspondence Theorems
dealt with problems only involving simple incidence conditions, i.e. with enumeration of curves
intersecting transversally a given set of constraints. Correspondence Theorems and in this
paper are the first ones concerning plane curves satisfying tangency conditions to a given set of
curves. In the case of simple incidences, the (finitely many) tropical curves arising as the limit
of amoebas of the enumerated complex curves could be identified considering the tropical limit of
embedded complex curves. This is no longer enough to identify the tropical limit of tangent curves,
and we first refine previous studies by considering the tropical limit of a family of holomorphic maps
to a given projective space. This gives rise to the notion of phase-tropical curves and morphisms.
For a treatment of phase-tropical geometry more general than the one in this paper, we refer to
[Mik]. Using tropical morphisms and their approximation by holomorphic maps, we identify tropical
tangencies between tropical morphisms, and prove Theorems and Note that A. Dickenstein
and L. Tabera also studied in [DTI12] tropical tangencies but in a slightly different context, i.e.
tangencies between tropical cycles instead of tropical morphisms.

As in the works cited above, Theorems [3.8] and allow us to solve our enumerative problem
by exhibiting some special configurations of constraints for which we can actually find all complex
curves satisfying our conditions. In particular we obtain more information than using only the
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intersection theoretical approach from complex geometry. As a consequence, when all constraints
are real we are also able to identify all real curves matching our constraints. This is the starting
observation in applications of tropical geometry in real algebraic geometry, which already turned out
to be fruitful (see for example [Mik05], [IKS03|, [Ber08], [Bex], [BP]). In this paper we just provide
few examples of such applications to real enumerative geometry in Section However there is no
doubt that Theorems [3.8 and should lead to further results in real enumerative geometry.

The next step after proving our Correspondence Theorems is to use generalized floor diagrams
to reduce the computations to pure combinatorics. In the particular case where only incidence
conditions are considered they are equivalent to those defined in [BMO7] (see also [BMO0S]), and
used later in several contexts (see for example [FMI10], [AB], [BGM], [Ber], [ABLdMI11] , [BP]).
Note that floor decomposition technique has strong connections with the Caporaso and Harris
method (see |[CHO8]) extended later by Vakil (see [Vak00]), and with the neck-stretching method
in symplectic field theory (see [EGHO0], [IP04]). This method allows one to solve an enumerative
problem by induction on the dimension of the ambient space, i.e. to reduce enumerative problems
in CP™ to enumerative problems in CP"~!. In the present paper, the enumerative problem we are
concerned with is to count curves which interpolate a given configuration of points and are tangent
to a given set of curves. On the level of maps, tangency conditions are naturally interpreted as
ramification conditions. In particular, the 1-dimensional analogues of characteristic numbers are
Hurwitz numbers, which are the number of maps from a (non-fixed) genus g curve to a (fixed)
genus go curves with a fixed ramification profile at some fixed points. Hence using floor diagrams,
we express characteristic numbers of CP? in terms of Hurwitz numbers. Surprisingly, other 1-
dimensional enumerative invariants also appear in this expression. These are the so-called open
Hurwitz numbers, a slight generalization of Hurwitz numbers defined and computed in [BBMI11].
Computations of characteristic numbers of CP? performed in [Pan99], [Vak01], and [GKP02], were
done by induction on the degree of the enumerated curves. To our knowledge, this is the first time
that characteristic numbers are expressed in terms of their analogue in dimension 1, i.e. in terms of
(open) Hurwitz numbers.

Here is the plan of the paper. In Section [2] we review standard definitions we need from tropical
geometry. In Section [3] we define tropical tangencies and state our Correspondence Theorems.
Even though we can reduce all degrees d; of the constraints to 1 by Formula , we still leave
di,...,d3q—1—k in the statement of Correspondence Theorem in view of possible application to
real geometry (see e.g. Example . Section [4| is devoted to the proof of technical lemmas on
generic configurations of constraints. The multiplicity of a tropical curve in Theorems and
are defined by a determinant, and we give in Section [5|a practical way of computing this determinant
which will be used in Section [8f We introduce in Section [6] the notion of phase-tropical curves and
morphisms, and the tropical limit of a family of holomorphic maps, and we prove Theorems and
in Section [7] In Section [§ floor diagrams are introduced, formulas for characteristic numbers
in which they appear are proved, and examples given.

We end this introduction elaborating on possible natural generalizations of the techniques pre-
sented in this paper. All definitions, statements, and proofs should generalize with no difficulty to
the case of rational curves in CP" intersecting cycles and tangent to non-singular hypersurfaces.
The resulting floor diagrams would then be a generalization of those defined in [BM07] and [BMa].
The enumeration of plane curves with higher order tangency conditions to other curves should also
be doable in principle using our methods. This would first necessitate to identify tropicalizations of
higher order tangencies between curves, generalizing the simple tangency case treated in Section (3.1
However this identification might be intricate, and will certainly lead to much more different cases
than for simple tangencies (third order tangencies to a line are dealt with in [BLAM]). In turn, the
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use of tropical techniques in the computation of higher genus characteristic numbers requires some
substantial additional work. The main difficulty is that superabundancy appears for positive genus:
some combinatorial types appearing as solution of the enumerative problem might be of actual di-
mension strictly bigger than the expected one (see Remark . Hence before enumerating tropical
curves, in addition to the balancing condition one has first to understand extra necessary conditions
for a tropical morphism to be the tropical limit of a family of algebraic maps (see Section [f]). Using
the techniques developed in [BMb], we succeeded to compute genus 1 characteristic numbers of CP2.
These results will appear in a separate paper. Also for a small number of tangency constraints, it is
possible to find a configuration of constraints for which no superabundant curve shows up. In this
case Theorem applies, the proof only requiring minor adjustments.

Acknowledgement: We would like to thank the anonymous referee for numerous remarks which
helped us to improve our original text.

2. TROPICAL CURVES AND MORPHISMS

In this section, we define abstract tropical curves, their morphisms to R", and tropical cycles in
R?.

2.1. Tropical curves. Given a finite graph C' (i.e. C has a finite number of edges and vertices) we
denote by Vert(C) the set of its vertices, by Vert’(C) the set of its vertices which are not 1-valent,
and by Edge(C) the set of its edges. By definition, the valency of a vertex v € Vert(C'), denoted
by val(v), is the number of edges in Edge(C') adjacent to v. Throughout the text we will identify a
graph and any of its topological realization. Next definition is taken from [BBMII]. Tropical curves
with boundary will be needed in Section

Definition 2.1. An irreducible tropical curve C' with boundary is a finite compact connected graph
with Edge(C) # 0, together with a set of 1-valent vertices Vert™(C) of C, such that
o O\ Vert™(C) is equipped with a complete inner metric;
e the vertices of VertO(C) have non-negative integer weights, i.e. C' is equipped with a map
VertO(C') — ZZO
v — Gy
e any 2-valent vertex v of C satisfies g, > 1.
If v is an element of Vert’(C), the integer g, is called the genus of v. The genus of C is defined

as
9C) =)+ Y g
v€ Vert(C)
where b1 (C) denotes the first Betti number of C.

An element of Vert™(C) is called a leaf of C, and its adjacent edge is called an end of C. A
1-valent vertex of C' not in Vert™(C) is called a boundary component of C.

Definition 2.1 might appear very general, whereas we essentially deal with rational tropical curves,
i.e. of genus 0, in the rest of the paper. The reason for us to give such a general definition is that
the general framework for correspondence theorems between complex algebraic and tropical curves
we set up in Section [6.1] is valid for tropical curves as in Definition 2.1} and may be used in future
correspondences between complex algebraic and tropical curves of any genus.

It follows immediately from Definition that the leaves of C' are at the infinite distance from all
the other points of C'. We denote by 9C the set of the boundary components of C', by Edge® (C') the
set of ends of C, and by Edge’(C) the set of its edges which are not adjacent to a 1-valent vertex.
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A punctured tropical curve C' is given by C \ P where C is a tropical curve, and P is a subset
of Vert™(C'). Note that C’ has a tropical structure inherited from C. Elements of P are called
punctures. An end of C’ is said to be open if it is adjacent to a puncture, and closed otherwise.

Example 2.2. In Figure[I]we depict some examples of the simplest rational tropical curves. Bound-
ary components and vertices of Vert’(C) are depicted as black dots and vertices of Vert™®(C) are
omitted so that an edge not ending at a black vertex is of infinite length and that no difference is
made on the picture between punctured and non-punctured tropical curves.

N

FicURE 1. A few rational tropical curves

Given C a tropical curve, and p a point on C' which is not a 1-valent vertex, we can construct a
new tropical curve 5'p by attaching to C' a closed end e, (i.e. an end with a leaf point at infinity)
at p, and by setting g, = 0 if p ¢ Vert’(C). The natural map 7 : 5'p — C which contracts the
edge e, to p is called a tropical modification. If we denote by v the 1-valent vertex of ép adjacent to

ep, the restriction of the map 7 to the punctured tropical curve CNZ'p \ {v} is called an open tropical
modification.

Example 2.3. The closed curve depicted in Figure can be obtained by a tropical modification
from the curve of Figure [Ic which in turn can be obtained modifying the infinite closed segment
of Figure [Th. More generally, every rational tropical curve without boundary can be obtained from
the infinite closed segment (Figure [Th) by a finite sequence of tropical modifications.

2.2. Tropical morphisms. Given e an edge of a tropical curve C', we choose a point p in the interior
of e and a unit vector u, of the tangent line to C' at p (recall that C is equipped with a metric).
Of course, the vector u. depends on the choice of p and is well-defined only up to multiplication
by -1, but this will not matter in the following. We will sometimes need u. to have a prescribed
direction, and we will then specify this direction. The standard inclusion of Z™ in R" induces a
standard inclusion of Z™ in the tangent space of R™ at any point of R™. A vector in Z™ is said to be
primitive if the greatest common divisor of its coordinates equals 1.

Definition 2.4. Let C' be a punctured tropical curve. A continuous map f : C — R"™ is a tropical
morphism f
e for any edge e of C, the restriction f, is a smooth map with df (ue) = wyeus e whereus, € 2"
is a primitive vector, and wy . i a non-negative integer;
o for any vertex v in Vert’(C) whose adjacent edges are ey, ..., e, one has the balancing

condition
k
Z Wyetfe, =0
i=1
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where ue,; is chosen so that it points away from v.

The integer wy . is called the weight of the edge e with respect to f. When no confusion is possible,
we simply speak about the weight of an edge, without referring to the morphism f. If wy. = 0,
we say that the morphism f contracts the edge e. The morphism f is called minimal if f does not
contract any edge. If the morphism f is proper then an open end of C' has to have a non-compact
image, while a closed end has to be contracted. Hence if a proper tropical morphism f : C' — R"
is minimal, then Vert®(C) = (. The morphism f is called an immersion if it is a topological
immersion, i.e. if f is a local homeomorphism on its image.

Remark 2.5. Definition is a rather coarse definition of a tropical morhism when C has positive
genus. Indeed, in contrast to the case of rational curves, one can easily construct tropical morphisms
from a positive genus tropical curve which are superabundant, i.e. whose space of deformation has
a strictly bigger dimension that the expected one (see [Mik05, Section 2]). In particular, when the
corresponding situation in classical geometry is regular (i.e. with no superabundancy phenomenon)
as in the case of projective plane curves, such a superabundant tropical morphism is unlikely to be
presented as the tropical limit of a family of holomorphic maps (see Section for the definition of
the tropical limit).

One may refine Definition [2.4] still using pure combinatoric, to get rid of many of these super-
abundant tropical morphisms. One of these possible refinements, explored in [BMDb], is to require in
addition that the map f : C'— R™ should be modifiable: the map f has to be liftable to any sequence
of tropical modifications of R with smooth center (see [Mik06]). This definition of modifiable trop-
ical morphisms relies on the more general definition of a tropical morphism f : C' — X where X
is any non-singular tropical variety. In addition to the balancing condition, a tropical morphism
f: C — X has to satisfy some combinatorial conditions coming from complex algebraic geometry,
such as the Riemann-Hurwitz condition at points of C' mapped to the 1-dimensional squeleton of X
(see [BBM11] for the case when X is a tropical curve).

However since this paper is about enumeration of rational curves, Definition [2.4] even if coarse,
is sufficient for our purposes here.

a) b)

FiGURE 2. Example of tropical morphisms f: C — R

Example 2.6. We represent morphisms from a curve to R as in Figure [2] The weights of the edges
with respect to the morphism label the edge if they exceed 1. Figure [2h represents a double cover
of the real line by a tropical curve without boundary, and Figure [2b represents an open cover of R
(see Section by a tropical curve with one boundary component.



8 BENOIT BERTRAND, ERWAN BRUGALLE, AND GRIGORY MIKHALKIN

N

\/

FIGURE 3. Example of a morphism: a plane conic

Example 2.7. In contrast to the one dimensional case, for morphisms from a curve to R?, we label
the image of an edge with the corresponding weight as it often allows us to omit the source of the
morphism which is then implicit. In Figure [3| we depicted a plane conic C, which is the image in R?
of a morphism from a trivalent punctured curve with four vertices in Vert®(C).

Two tropical morphisms fi : C1 — R™ and f5 : Co — R"™ are said to be isomorphic if there exists
an isometry ¢ : C1 — C3 such that f1 = f2 o ¢ and gy, = g for any v € Vert?(Cy). In this text,
we consider tropical curves and tropical morphisms up to isomorphism.

A less restrictive equivalence relation is the one associated to combinatorial types. Two tropical
morphisms f; : 7 — R" and f5 : Cy — R"™ are said to have the same combinatorial type if there
exists a homeomorphism of graphs ¢ : C; — C5 inducing two bijections Vert™(C) — Vert™(Cy)
and 0C1 — 0C%, and such that for all edges e of C| and all vertices v € VertO(C) one has

Whe =Wh o(e): Ufre = Ufyp(e): AN Gp(v) = Go-

Given a combinatorial type a of tropical morphisms, we denote by M, the space of all such
tropical morphisms having this combinatorial type. Given f € M,, we say that M, is the rigid
deformation space of f.

Lemma 2.8 (Mikhalkin, [Mik05, Proposition 2.14]). Let « be a combinatorial type of tropical
morphisms f : C — R™ where C is a rational tropical curve with OC = (). Then the space M,
18 an open convex polyhedron in the vector space R”*'Edgeo(“)‘, and

dim M, = |Edge™(a)| +n — 3 — Z (val(v) — 3).

v€ Vert®(a)

Proof. We remind the proof in order to fix notations we will need later in Section |5l If Vert®(a) # 0,
choose a root vertex vy of «, and an ordering eq, .. <5 €|Bdge? ()| of the edges in Edgeo(a). Given
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f:C = R"in Mg, we write f(v1) = (1,...,2,) € R, and we denote by I; € R* the length of the
edge ¢; € Edge’(C). Then

60 (03
MO‘:{('Il""7$n7l1""7l|EdgeO(a)‘ | ll"""'”l‘EdgeO(a)‘ >0}:RHXRE§g ( )|
If Vert?(C) = 0, then M, = R"/Ruy ., where e is the only edge of a. O

Other choices of v; and of the ordering of elements of Edge”(c) provide other coordinates on M,
and the change of coordinates is given by an element of GL,, +{Edge( a)|(Z).

Example 2.9. In the simplest case when « is the combinatorial type of tropical morphisms f :
C — R? with Vert?(C) = {v}, the space M,, is R? and the coordinates are given by f(v).

If o is the morphism depicted in Figure |3 M, is the unbounded polyhedron R? x Rio with
coordinates {1, z2,11,l2,l3} where x; and x4y are the coordinates of the image of the lowest vertex
and [1,lo and I3 are the lengths of the bounded edges at the source ordered from bottom to top.

2.3. Tropical cycles. Here we fix notations concerning standard facts in tropical geometry. We
refer for example to [Mik06], [RGST05], [IMS07], or [BPS08] for more details.

An effective tropical 1-cycle in R? is the tropical divisor defined by some tropical polynomial
P(z,y), whose Newton polygon is denoted by A(P). Given a positive integer d, we denote by T,
the triangle in R? with vertices (0, 0), (0,d) and (d,0).

The number 1 in 1-cycle stands for dimension 1 as such cycle is necessarily a graph. Since any
smaller-dimensional cycles in R? can only be 0-cycles which are just linear combinations of points
in R?, in this paper we will be just saying “cycles in R?” for 1-cycles.

Definition 2.10. An effective tropical cycle in R? defined by a tropical polynomial P(x,vy) is said
to have degree d > 1 if A(P) C Ty and A(P) € Ty—.

Recall that a tropical polynomial induces a subdivision of its Newton polygon.

Definition 2.11. An effective tropical cycle in R? of degree d defined by a tropical polynomial
P(z,y) is said to be non-singular if A(P) = Ty and the subdivision of A(P) induced by P(x,y) is
primitive, i.e. contains only triangles of Fuclidean area %

The tropical cycle is said to be simple if this subdivision of A(P) contains only triangles and
parallelograms.

Two effective tropical cycles are said to be of the same combinatorial type if they have the same
Newton polygon, and the same dual subdivision. As in the case of tropical morphisms, we denote
by M, the set of all effective tropical cycles of a given combinatorial type «.

Lemma 2.12. If « is a combinatorial type of non-singular effective tropical cycles, then My is an
. 2| _
open convez polyhedron in RIA@NZZ[—1

If f: C — R? is a non-constant tropical morphism, then the image f(C) is a balanced polyhedral
graph in R?, and hence is defined by some tropical polynomial P(x,y) (see [Mik04, Proposition
2.4]). The Newton polygon of the morphism f : C — R2?, denoted by A(f), is defined as the
Newton polygon of P(z,y). The polygon A(f) is well-defined up to translation by a vector in Z2,
in particular the degree of f is well-defined.

The genus of a tropical cycle A is the smallest genus of a tropical immersion f : C' — R? such
that f(C) = A. Note that if A is simple and f : C — R? is such a tropical immersion of minimal
genus then the tropical curve C contains only 3-valent vertices, which are called the vertices of A.

We can refine the notion of Newton polygon of a tropical cycle A (or of an algebraic curve in
(C*)?) by encoding how A intersect the toric divisors at infinity. Namely, we define the Newton fan
of A to be the multiset of vectors weu, where e runs over all unbounded edges of A, w, is the weight
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of e (i.e. the integer length of its dual edge), and wu. is the primitive integer vector of e pointing to
the unbounded direction of e. The definition in the case of algebraic curves in (C*)? works similarly.

Remark 2.13. Note that our simple effective cycles are in 1-1 correspondence with 3-valent im-
mersed tropical curves such that their self-intersections are isolated points that come as intersection
of different edges at their interior points. We call them tropical cycles (instead of calling them
tropical curves) to emphasize their role as constraints.

3. TANGENCIES

3.1. Tropical pretangencies in R2. Our definition of tropical pretangencies between tropical
morphisms is motivated by the study of tropical tangencies in [BMb], to which we refer for more
details. We also refer to [DT12] for the notion of tropical tangencies between two tropical cycles in
R2. Let f: C — R? be a tropical morphism, and L be a simple tropical cycle in R2.

Definition 3.1. The tropical morphism f is said to be pretangent to L if there exists a connected
component E of the set theoretic intersection of f(C) and L which contains either a vertex of L or
the image of a vertex of C.

The set E C R? is called a pretangency set of f and L. A connected component of f~1(E) C C
is called a pretangency component of f with L if E contains either a vertex of C' or a point p such
that f(p) is a vertex of L.

d) c)

FIGURE 4. Pretangent morphisms

Example 3.2. In Figure |4 we depicted several examples of the image of a morphism pretangent to
a cycle which is represented by doted lines.
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It is clear that not any pretangency set corresponds to some classical tangency point. For example,
the two tropical lines in Figure are pretangent, but this pretangency set doesn’t correspond to
any tangency point between two complex algebraic lines in CP?. However, given any approximation
of f (if one exists) and any approximation of L by algebraic curves, the accumulation set of tangency
points of these approximations must lie inside the pretangency sets of f and L (see Section [7| or
[BMDB]).

3.2. Correspondence. As in Section [l|let d > 1, k > 0, and d1,...,d3q—1—% > 0 be some integer
numbers, and choose P = {p1,...,pr} a set of k points in R?, and £ = {L1,...,L3q_1 1} a set of
3d — 1 — k non-singular effective tropical cycles in R? such that L; has degree d;. We denote by
ST(d,P, L) the set of minimal tropical morphisms f : C' — R? of degree d, where C is a rational
tropical curve with 9C = (), passing through all points p; and pretangent to all curves L;.

We suppose now that the configuration (P, L) is generic. The precise definition of this word will
be given in Section [4 Definition [£.7] For the moment, it is sufficient to have in mind that the set
of generic configurations is a dense open subset of the set of all configurations with a given number
of points and tropical cycles. The proof of the next three statements will be given in Section []
Proposition and Lemma [3.5] are direct consequences of Corollary

Proposition 3.3. The set ST(d, P, L) is finite, and any of its element f : C — R? satisfies
o (' is a 3-valent curve with exactly 3d leaves, all of them of weight 1;
o f(Vert'(C))N (ULE[: Vert’(L) U P) = (), i.e. no vertex of C' is mapped to a verter of a
curve in L nor to a point in P;
e givenp € P, if x and =’ are in f~1(p), then the (unique) path v in C from x to =’ is mapped
to segment in R? by f;

o given L € L, there exists a connected subgraph I' C C' which contains all pretangency com-
ponents of f with L, and such that f(T) is a segment in R2.

Let f : C — R? be an element of ST(d,P, L), and let us denote by « its combinatorial type.
Given p € P (resp. L € L), we denote by A, (resp. Ar) the set of elements of M, in a small
neighborhood Uy of f which pass through p (resp. are pretangent to L).

Lemma 3.4. If Uy is small enough, then A\, spans a classical affine hyperplane A, defined over Z
in Mgy for any q in P U L.

Proof. This is an immediate consequence of the Z-linearity of the evaluation and forgetful maps ev
and [t (see Section [)). O

Lemma 3.5. We have
ﬂ Aq ={f}

qeEPUL

Let us associate a weight to the (classical) linear spaces A,. Given p € P, we denote by £(p) the
set of edges of C' which contain a point of f~1(p) and we define

w= 3 wpe
e€&(p)

Given L € L, we denote by Fr the union of all pretangency components of f with L, by p the
cardinal of Ey, N Vert?(C), and by A the number of ends of C' contained in Er,. If v € Vert?(L), we
denote by £(v) the set of edges of C' which contain a point of f~1(v), and we define

(2) wr, = > S wpe | Fu-A

vEVert®(L) e€&(v)
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Equivalently, we can define wy, as follows

wr, = We if f(Er) =v € Vert’(L),
e€€(v)

wL = Z Z (wge+1) | + 5 —2bg(EL) otherwise
vEVert®(L) e€&(v)

where k is the number of edges of C'\ E, adjacent to a vertex of C' in Ef,.

Definition 3.6. The (P, L£)-multiplicity of f : C — R2, denoted by wp.c)(f), is defined as the

tropical intersection number in M, of all the tropical hypersurfaces g,y divided by the number of
automorphisms of f. That is to say,

_ ‘det (AP17"'7Apk7AL17'"7AL3d_1_k)‘
tup,o)(f) = Aut(])] I w.

qEPUL

The morphism f is said to be tangent to L if up £(f) # 0.

FIGURE 5. A conic tangent to two lines and passing through three points

Example 3.7. For the morphism of Figure in the coordinate system described in Example
let y = oy and = = ay be the equations respectively of the horizontal and vertical lines and

(a1,b1), (az,b2), and (as,bs) be the coordinates of the three points from bottom to top. Then the
hyperplanes Ay, ..., As have equations
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Yy =o
T =a
y+2li+as—a; =by
y+la =as
y+200+l+Ils3+a3—ay =bs
and
01 010
1 01 01
|det (A1...A5)[=10 0 2 0 2|=2.
00011
00 0 01

All the weights are 1 except the ones associated to the bottom most point and the one associated
to the tangency to the vertical line which are 2 thus the formula of Definition becomes u(f) =
2 2
£ X2 =4.

2

Theorem 3.8 (Correspondence Theorem). With the hypothesis above, we have

Nao(k;dy, ... d3g—1-%) = Z p,cy(f)-
FEST(d,P.C)

Example 3.9. For the configuration of points and lines considered in Example there is only
one morphism in ST(2,P, £) and N20(3;1,1) is indeed 4. Other examples are given in Section

Remark 3.10. In the proof of Theorem [3.8| (see Section @, we establish not only equality of both
numbers, but we also give a correspondence between phase-tropical curves (see Section |§| for the
definition) and complex curves close to the tropical limit in the sense of Section In particular,
if we choose real phases, in the sense of Definition and Remark for all constraints in (P, L),
it is possible to recover all real algebraic curves passing through a configuration of real points and
tangent to a configuration of real lines when these points and lines are close to the tropical limit.
See Section [7.2] for a few examples.

The definition of yup £)(f) we gave so far is not very convenient for actual computations. We will
give in Section [5| a practical way to compute this tropical multiplicity. We first clarify the notion of
generic configurations in Section

3.3. Generalization to immersed constraints. In this section we generalize Theorem to
the case when the constraints are not necessarily non-singular tropical or complex curves but any
immersed curves. Instead of considering curves of degree d in the projective plane we now consider
curves with a given Newton fan A in the two-dimensional torus (C*)?.

We first pose the problem in complex geometry. Let s > 2, k < s—1,91,...,9s_1_k be some
non negative integer numbers and AV, Ni,...,N,_1_; some Newton fans such that the number of
elements of N is s (recall that a Newton fan is a multiset). Choose a set P = {p1,...,pi} of k
points in (C*)?, and a set £ = {L1,...,Ly_1_p} of s —1 — k immersed complex curves such that L;
is of genus g; and has Newton fan N;.

We denote by S(N, P, L) the set of all rational complex algebraic maps f : CP!\ {s points} —
(C*)2 with Newton fan N, passing through all points p; € P and tangent to all curves L; € £. The
cardinal of the set S(N, P, L) is finite as long as P and L are chosen generically, and we define

1
Nyp.c(k; N1, g1, s Naa—1-ks g3a—1-k) = Z [Aut(f)]’
fESNV,P,L)
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The problem in the tropical set-up is similar. Choose now PT = {pqlr, . ,pg} a set of k points
in R?, and £T = {LT,.. '7L1T—1—k} a set of s — 1 — k simple effective tropical cycles in R? such
that LT has Newton fan N; and genus g;. We denote by ST(N, PT, L) the set of minimal tropical
morphisms f : C — R? has Newton fan N/, where C' is a rational tropical curve with 9C = (), passing
through all points pgr and pretangent to all curves L}T. Next proposition is a direct consequence of

Corollary
Proposition 3.11. The set ST(N,PT, LT) is finite and its elements are extreme in the sense of
Definition [{.4)

Moreover, Lemmas and still hold in this situation. If pT € PT, we define wp in the same
way as in Section [3.2} Tf LT € LT, we define wy, as follows

wpr = Z Z Wre | +0(u—A)

veVert?(LT)  e€&(v)

where § is the weight of the edge of L containing the tangency set of f and LT (if any, otherwise
p = A = 0). The (PT, £T)-multiplicity of a tropical morphism f in ST(d,PT,LT) is given by
Definition
Theorem 3.12 (Correspondence Theorem in (C*)?). Let N, s, k, g1, Gs—1—k» Ny s Noc1—ks
LT and PT be as above.

There ezxists a generic configuration of points P = {p1,...,px} and immersed complex curves L =
{L1,...,Ls_1_} in (C*)2 having respective Newton fans N1, ..., Ns_1_1 and genera g1,...,Gs—1—k
such that

Nypc(ks N, g1, - s Nsao1—ks 9s—1-k) = Z pepr ey (f)-
FEST(N,PT,LT)

Theorem [3.12] we will be proved in Section [7]

4. GENERIC CONFIGURATIONS OF CONSTRAINTS

4.1. Marked tropical curves. In order to prove Proposition it is convenient to consider
marked tropical curves as a technical tool.

Definition 4.1. A tropical curve with n marked points is a (n + 1)-tuple (C,x1,...,z,) where C
is a tropical curve and the x;’s are n points on C.

A marked tropical morphism with n marked points is a (n + 2)-tuple (C,x1,...,zy, f) where
(C,x1,...,2,) is a tropical curve with n marked points, and f : C — R? is a tropical morphism.

Note that we do not require the marked points to be distinct. As in the case of unmarked
tropical curves, we have the notion of isomorphic marked tropical morphisms and combinatorial
types of marked tropical morphisms. The definition is the same as in Section where we require
in addition that the map ¢ : C1 — C5 sends the ith marked point of C; to the ith marked point of
Cs.

Lemma has a straightforward extension to the case of marked tropical morphisms.

Lemma 4.2. Let o be a combinatorial type of marked tropical morphisms f : C — R? with ng
marked points, mey of which lie on edges of C, and where C' is a rational curve with 0C = 0. Then
the space My, is an open convex polyhedron in the vector space R2+|Edgeo(o‘)‘+ma, and

dim M, = |Edge™(a)| — 1 — Z (val(v) — 3) + mq.

ve€ Vert® (a)
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Let o be a combinatorial type of marked minimal tropical morphisms f : C — R? where C is a
rational tropical curve with C = (), with s (open) ends, and with n,, marked points, m,, of which lie
on edges of C'. We denote by @& the combinatorial type of unmarked tropical morphisms underlying
«. We define the evaluation map ev and the forgetful map ft by

ev : M, — (R2)na ft: M, — Mg
(Cixyyo.yxn,, f) — (f(z1),..., f(zn,)) (Cix1y..yxn,, f) — (C,f)°

Lemma 4.3. The maps ev and ft are Z-affine linear on M, and
dimev(My) < s —1+my,.
Moreover, if equality holds then o is 3-valent, and the evaluation map is injective on M.

Proof. The proof of the Z-linearity is the same as |[GMQ7, Proposition 4.2], and the dimension is
given by Lemma [4.2] O

4.2. Generic configurations. A parameter space is a space of the form

Par(k, B1, .., Be1-k) = (R} x Mg, x ... x Mg,

where s > 2 and 0 < k < s—1 are two integer numbers, and 51, ..., 8s_1_ are s—1—k combinatorial
types of simple effective tropical cycles in R%. According to Lemma Par(k,B1,...,Bs—1-k) is

an open convex polyhedron in some Euclidean vector space. In particular, it has a natural topology
induced by this Euclidean space. Note that if Vert’(3;) = 0 (i.e. 3; is just a ray), then Mg, = R.

Given an element (P, £) of Par(k, 1, ..., Bs—1-1), where P = {p1,...,pr}and L = {L1,..., Ls_1_1},

we denote by C(s,P, L) the set of all minimal tropical morphisms f : C — R? where C is a rational
tropical curve with s ends and dC = (), and f passes through all points p;, and is pretangent to all
curves L;.

Definition 4.4. A tropical morphism f : C — R? in C(s, P, L) is said to be extreme if it satisfies
the four following properties

(1) C is a 3-valent curve;
(2) f(Vert’(C)N (ULEL Vert"(L) U P) =0, i.e. no vertex of C' is mapped to a vertex of a

curve in L nor to a point in P;

(3) given p € P, if x and 2’ are in f~1(p), then the path v in C from x to =’ is mapped to a
segment by f;

(4) given L € L, there exists a connected subgraph I' C C' which contains all pretangency com-
ponents of f with L, and such that f(T') is a segment in R?.

Note that in the case where Vert’(L) = (), property (4) is equivalent to the fact that Fp is
connected.

Proposition 4.5. Suppose that Vert’(8;) = O for all i. Then there exists a dense open subset

]Sc;“(k:,ﬁl, ooy Bs—1_k) in the parameter space Par(k,Bu,...,Bs—1—x) = R™FF such that the set
C(s,P,L) is finite and contains only extreme tropical morphisms.

Proof. Denote by C'(s, P, L) the set of all marked minimal tropical morphisms f : (C,z1,...,2s-1) —
R? where (C,z1,...,75_1) is a rational tropical curve with s leaves, with dC = ), and with s — 1
marked points, xpi1,...,2s—1 being on vertices of C, such that f(z;) = p; for 1 < i < k and
f(x;) € Li—y for k+1 < i < s — 1. By Definition [3.1] the set C(s,P, L) is contained in the set
ft(C'(s,P,L)). Hence, it is sufficient to prove that there exists a dense open subset of the parameter
space such that the set C'(s, P, L) is finite and contains only extreme tropical morphisms.
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Let a be a combinatorial type of marked tropical morphisms f : (C,x1,...,2s 1) — R? where
(C,x1,...,2s—1) is a rational tropical curve with s leaves, with 0C = (), and with s — 1 marked
points, Zgi1,...,Zs—1 being on vertices of C. Let us define the incidence variety J, C M, X
Rs~1** containing elements (f,p1,...,0k L1,...,Ls_1_x) where f is a tropical morphisms with
combinatorial type « such that

(i) for j <k, f(x:) = ps,
(ii) fork+1<j<s—1, f(xj) S Lj—k-

Any of the above conditions (i) (resp. (ii)) demands 2 (resp. 1) affine conditions on elements
of J,. Moreover, all these conditions are independent since any variable p; or L; is contained in
exactly one of these equations. Hence, the set J, is an open polyhedral complex of dimension
at most dim M. Let us consider the two natural projections m; : J, — M, and mo : J, —
Par(k,pB1,...,Bs—1-k). For each 1 <i < s—1—k, there is a natural linear isomorphism between
Mg, and the quotient of R? by the linear direction of elements of 3;. This provides a natural map
¥ (R?)*™ — Par(k,B1,...,Bs_1_k) by taking the quotient of the s — 1 — k lasts copies of R? by
the direction of the corresponding 5;. We have my = 1) o ev o m1. Hence according to Lemma [4.3] if
dimm(Js) = s+ k — 1, then « is necessarily trivalent, the evaluation map is injective on M., and
x; ¢ Vert?(C) for i < k.

We define ﬁar(k, B, ..., Bs—1-k) as the complement in Par(k, 1,...,Bs—1—k) of the union of the
sets ma(J,) where a ranges over all combinatorial types such that dimmo(M,) < s — 1+ k. This is
an open and dense subset of Par(k, 1,...,8s_1_k). Moreover, by injectivity of the evaluation map,
if (P,L) is in ﬁar(s, k,B1,...,B8s—1—k), then the fiber W;l(P,,C) consists of at most 1 point for any
combinatorial type. The number of possible combinatorial types « is finite, so is the set C'(s, P, L).
Moreover, all its elements satisfy properties (1) and (2) of Definition

Let us now find an open dense subset of ]?’ar(k, B1, ..., Bs—1-k) which will ensure properties (3)
and (4). Let a be a combinatorial type considered above of marked tropical morphisms, and let o’
be a combinatorial type of marked tropical morphisms consisting of a with an additional marked
point xs. We also fix 1 < i < s — 1, and we suppose that the path v in C joining zs to x; is not
mapped to a segment by f.

If i <k, we define 3y ; C My x R5~1+k x R? by the conditions (i) and (ii) above and the condition
f(xs) = ps (ps is the coordinate corresponding to the copy of R? we added to Par(k, B1, ..., Bs—1—k))-

We still have the two projections 71 : Jo/; = My and w9 : Jorj = Par(k, 1, ..., Bs—1-k) X R?, in
addition to the projection 7 : Par(k,1,...,Bs—1-1) x R? = Par(k,B1,...,Bs—1-k). According to
the previous study, the set m2(J, ;) has codimension at least 1 in Par(k, B1, ..., Bs—1-k) X R?, and

none of the two sets m2(Jo/ ;) and {p; = p,} contains the other. Since the latter has codimension 2
in Par(k,B1,...,Bs—1-k) x R?, the intersection X, ; of m2(Jo ;) and {p; = ps} has codimension at
least 3, and 7(X, ;) has codimension at least 1 in Par(k, f1,...,Bs—1—k)-

Ifk+1<i<s—1,wedefine Ju; C My x RS"F x Mg | by the conditions (i) and (ii) above
and the condition f(zs) € Ly (Ls is the coordinate corresponding to the copy of Mg, , we added
to Par(k,B1,...,Bs—1-k)). We still have the two projections 7y : Jo; = My and mp : Ty ; —
Par(k,B1,...,Bs—1—k) x Mg,_, , in addition to the projection m : Par(k,B1,. .., Bs—1-k) X Mp,_, —
Par(k, B, ..., Bs—1—k). According to the previous study, the set m2(J,/ ;) has codimension at least 1
in Par(k,B1, ..., Bs—1—k)xMg,_,. Moreover, since the path v in C joining x5 to x; is not mapped to a
segment by f, none of the two sets m2(J, ;) and {L;_ = L} contains the other. Since the latter has
codimension 1 in Par(k, f1,. .., Bs—1-k) X Mg,_, , the intersection X ; of m2(J ;) and {L;_ = Ly}
has codimension at least 2, and m(X, ;) has codimension at least 1 in Par(k, B1, ..., Bs—1-k)-
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We define

Par(k, B, ..., Bs—1-1) = Par(k, B1,. ... Bsmr—i) \ | |J 7(Xar)
ol
where o’ and i range over all possible choices in the preceding construction. Since the number of
choices is finite, Par(k,B1,...,Bs—1-k) is a dense open subset of Par(k,[S1,...,Bs—1-k), and for
(77, E) in this set, the set C'(s,P, L) is finite and all its elements are extreme. O

Corollary 4.6. There exists a dense open subset F/’a\r(k,ﬁl,...,ﬂs_l_k) in the parameter space
Par(k,B1,...,Bs—1—k) such that the set C(s, P, L) is finite and only contains extreme tropical mor-
phisms.

Proof. Choose 0 < k' <s—1—k,and 1 <i; <...<ip < k. We denote by {ji1,...,Js—1_k_x} the
complement of {i1,... i} in{l,...,s—1—k}. Choose a vertex v;, on each ;,, and an edge e;, on
each f3;,. Given an element L;, in Mg, , we denote by L;-n the effective tropical cycle in R? spanned
by e, (this is just the classical line of R? spanned by ej,), and denote by d; 5, its combinatorial type.
Then we have a natural surjective linear map

X : Par(k,B1,...,Bs—1-k) — Par(k 4K, 05,05, /)
(plv"'apkaLl---aLsflfk) — (p17~"7pkavi17"'7viklaL/ .- L]s l—ke k’) '
We define _
Par(k,B1,...,Bs—1—k) ﬂx Par (k+ K N N R
where ki1, ..., ik, Uiy, .- s Viysy €41y« -5 €5y, run over all possible choices. Note that this num-

ber of choices is finite, and that ]Bar(k, Bi,...,Bs—1—k) is open and dense in Par(k, 1,...,Bs—1—k)-

Let (P, L) € Par(k, B, ..., Bs—1-k), and f : C — R? an element of C(s, P, £). By Deﬁnition
the tropical morphism f : C' — R? is also an element of some set

C(s:{p1y -+ s Phs Viys - - - v 1 {1, ...,L;- I

constructed as above. Hence, according to Proposition 4.5, the set C(s,P, L) is finite and all its
elements satisfy properties (1), (2) and (3) of Definition

Moreover, for any tangency component F of f with an element L of £, the set f(FE) is contained in
a classical line of R2. Indeed, otherwise there would exist v € Vert’(C) such that f(v) € Vert®(L),
in contradiction with the fact that f satisfies property (2) of Definition Hence, we can use
the sam/e\technique we used at the end of the proof of Proposition to construct an open dense
subset Par(k, 31,...,Bs—1—k) of ]Sar(k,ﬁl, .+, Bs—1—k) such that if (P, L) € Par(k,B1,...,Bs—1-k),
then all elements of C(s, P, L) satisfy property (4) of Definition That is to say, all elements of
C(s,P, L) are extreme. O

Definition 4.7. Let pi1,...,pi be k points in R? and L1, ..., L; be | simple effective tropical cycles
in R? of combinatorial types B1,...,B. The (k+1)-tuple (p1,...,px, L1,...,1L;) is called weakly
generic if it is an element of ﬁc;“(k‘, By, 01).

The (k +1)-tuple (p1,. .., Pk, L1, ..., L) is called generic if any of its sub-tuple is weakly generic.

Automorphisms of elements of C(s, P, L) are pretty simple when dealing with generic configura-
tions.

Lemma 4.8. Let (P,L) be a generic configuration of s points and simple effective tropical cycles,
and let f : C — R? be an element of C(s, P, L). Denote by (el,ed), ..., (', eb) all pairs of open ends
of C with us i = us.i and adjacent to a common verter in Vert?(C). Denote also by Gei ci the
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automorphism of C' such that ¢ -(eﬁ) = ¢\ and Pei eic\fei e} = Ld. Then Aut(f) is the abelian

group generated by the automorphzsms O i.e.

6 627
Aut(f) =< G 1, i=1,...,1 >~ (2/22)".

Proof. 1t is clear that the automorphisms ¢e§ i commute and are of order 2. We just have to prove

that they generate Aut(f). Suppose that this group is non-trivial and let ¢ # Id be an element
of Aut(f). Since ¢ is non-trivial, there exist two distinct edges e; and es in Edge(C) such that
¢(e1) = ea. Since two vertices of C' cannot have the same image by f, the edges e; and e; must be
adjacent to the same vertices. The tropical curve C' is rational, so e; and ey must be adjacent to
exactly 1 vertex, which means that they are open ends of C. [

5. PRACTICAL COMPUTATION OF TROPICAL MULTIPLICITIES

5.1. Combinatorial multiplicity. Here we give a practical way to compute the determinant in
Definition by a standard cutting procedure (see for example [GMOS]). Let us fix a generic
configuration (P, L) € Par(k,B1,...,B3q—1—k) and an element f : C — R? of ST(d, P, L) tangent
to £. We choose a marking of C' such that f : (C,x1,...,73q-1) — R? is an element of one of the
sets C'(3d,P’, L") defined in the proof of Proposition and we define C = C'\ {z1,...,239-1}-

First, we define an orientation on C. Let = be a point on an edge of C. Since C' is rational, C'\ {z}
has 2 connected components C'; and Cs containing respectively s; and s9 ends, and s + s9 = 3d + 2.
Moreover, since (P, L) is generic, C; (resp. C3) contains k1 < s; — 1 (resp. ko < sy — 1) marked
points. Since k1 + ko = 3d — 1 = s1 + s3 — 3, up to exchanging C'y and Cs, we have k] = s1 — 1

o [¢]

and k1 = s9 — 2. We orient C at x from Cy to C5. Note that C' and its orientation depends on the
choice of the marking of C' we have chosen, but this won’t play a role in what follows.

Now we define a multiplicity y(p £)(v) for each vertex v in Vert?(C). If f(v) ¢ Uy, L, then the
genericity of (P, L) implies that there exist two edges e1, e € Edge(C) adjacent to v and oriented
toward v. We define

Hp,cy\v ( ) ‘det<uf,€1ﬂuf62)’
If f(v) € L;, we denote by uz, the primitive integer direction of the edge of L; containing f(v).
If f(v) € Li \ ULy, L, then the genericity of (P, L) implies that there exists exactly one edge
e € Edge(C) oriented toward v with uy. # ur,, and we define
H(p.L) (v) = |det(uf,617uLi)|'
If f(v) € Li N Lj, we define
pp,cy(v) = |det(ur,;, ur;)|.

Proposition 5.1. For any tmpical morphism f : C — R? in ST(d, P, L), we have

He.o ) = T Aut H wg I wre 11w

qEPUL  ecEdge’ (C) v€ Vert®(C)

We prove Proposition by writing down explicitly the linear part of the equations of the
hyperplanes A,. Before going deeper into the details, we remark that the definition of the multiplicity
of a tropical morphism in ST(d, P, £) and of the orientation of C' are based only on the fact that all

[¢]
elements of C(3d, P, L) are extreme. Hence, we can extend Definition and the orientation of C'
to any tropical morphism in C(s, P, L) for any s, as long as (P, L) is generic.
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For the rest of this section, we fix some positive integer s, a generic configuration (P, L) of
constraints containing s elements, and an element f : C — R? of C(s,P, L) tangent to £. In
particular, yp £)(f) # 0. Let us choose a vertex vy € Vert?(C), and some ordering of edges in
Edge’(C). If v € Vert®(C), we denote by (v1v) the path joining v; to v in C. In particular we have

(3) f(?.}) = f(Ul) + Z lewf,euf,e

e€(v1v)

where the vectors uy . are oriented toward vy (recall that wy. and [, are respectively the weight and
the length of e).

Given p € P, we choose v € Vert?(C) adjacent to an edge e of C such that e f~!(p;) # 0. Then,
in the coordinate used in the proof of Lemma the linear part of the equation of A, is given by

(4) | det (f(v),ufe) | = 0.

Let L be an element of £. If there exist vy € Vert®(L), e € Edge(C) adjacent to v € Vert?(C), such
that e N f~1(vg) # 0, then the linear part of the equation of Ay is given by

(5) | det (f(v),uge) | = 0.

If there exists a vertex v € Vert’(C) such that f(v) € L, then the linear part of the equation of Ay,
is given by

(6) | det (f(v),ur) [ =0

where wuy, is the primitive integer direction of the edges of L containing f(v).

Equations , , and @ do not depend on the choice of e and v thanks to properties (3) and
(4) in Definition

To sum up, if ¢ € PUL, the linear part of the equation of A, is always of the form | det (f(vq), uq) | =
0, for some v, € Vert’(C) and u,; = (ug1,us2) € R2. Thus, the coefficients of the matrix M(f) of
intersection of all the A, are given by equation :

o the coefficient corresponding to the hyperplane A, and z,, is ug2;
o the coefficient corresponding to the hyperplane A, and y,, is —ug1;
e the coefficient corresponding to the hyperplane A, and e € Edge’(C) is
— wredet(uge,uq) if e € (vivy);
— 0 otherwise.
Clearly, the matrix M (f) depends on the choice of the coordinates we choose on the deformation
space of f. However, M (f) is well defined up to a multiplication by a matrix in GLs_1(Z), hence
the absolute value of its determinant does not depend on this choice.

Lemma 5.2. Suppose that there exists L € L such that we are in one of the two following situations

o there exists a vertex v € Vert’(C) adjacent to two edges ey, ey € Edge’(C) with use, = ur,
and uge, # ur, and such that f(v) € L; in this case, choose p in f(e1) N L;
e there exists a point x € C such that f(z) € Vert’(L); in this case, put p = f(x).
Define P’ = PU{p} and L' = L\ {L}. Then
wr,

wepc)(f) = quM(P’,E’)(f)-

In particular, Proposition for pp,c)(f) follows from Proposition applied to pipr pry(f)-

Proof. The linear part of the equations of A7, and A, are the same. O
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Let us now explain the cutting procedure to compute ILL('P,E)< f) in general. Suppose that there

exist e € Edge’(C) and = € e such that f(z) ¢ P U, L. Recall that we have defined an orientation
on C at z. The space C'\ {z} has two connected components, C; and Cj, containing respectively
s1 and sy ends. We choose C7 and (5 so that C' is oriented from C7 to (5 at z. It is clear that
51+ s2 = s+ 2. The graph C} inherits a tropical structure from the tropical curve C, and there is a
unique way to extend C; to a rational tropical curve C; without boundary components. Note that
the tropical morphism f : C' — R? induces tropical morphisms f; : C; — R2.

Let P; C P be the points of P through which f; passes, and £; C £ be the curves of £ which are
pretangent to f;. The configuration (P, £) is generic, so we have |P;| + |£;| < s; — 1. Since we also
have s1 4+ so = s+ 2 and |P| + |£]| = s — 1, we deduce that [(P; U L) N (P2 U Lg)| < 1.

If (P1ULy) N (P2ULy) =0, then |Pa] + |L2] = s2 — 2 because of the orientation of C' at z. In
this case we define P) = Py U {f(z)} and v = 1.

If [(P1ULy) N (P2UL2)| = {qo}, then we define P) = Py and

y= Wqqg (f)wf,e '
Wqq (fQ)thO (fl)
Since the 3 distinct tropical morphisms f, fi, and fo pass through or are tangent to qg, we precised
to which morphism the quantity wy, refers in the previous formula.
Lemma 5.3. We have
wp.o)(f) = vip, o) (FRepy,c0)(f2)-
In particular, Propositionfor wp,c)(f) follows from Proposition applied to pp, r,)(f1) and
1(Py.£2)(f2)-

Proof. For the coordinates of the deformation space of fi, we choose the root vertex to be the vertex
of (' adjacent to e. For the deformation space of fa, we choose the root vertex to be the vertex of
C adjacent to e. We also suppose that the first line of M (f2) is given by Ay, or Agy. Choose an
order ¢, ...,qs,—1 on the other elements of P, U L;. Then we have

i = (e )
where A is a (s2 — 2) X (s2 — 3) matrix and
Ugo,2 —Ugy 1
U, = : and U; =
Ugsy 1,2 —Ugy 1,1
Hence, eliminating the coefficient —u.; by elementary operations on the column of M (f2) we get
det(M(f2)) = det (( Us A))

where
det(ug.e,ug,)
Us = :
det(uﬂe’ ung—l)
We choose coordinates on the deformation space of f correspondingly to the one we chose for f;

and fo: the root vertex is the root vertex we chose for f1, and the order on the edges in EdgeO(C’)
is given by first the edges in Edge®(C1), then e, and then the edges in Edge”(Cs). Then, we have

M(f):<M(f1) 0 2)

* wyUs
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Hence det(M (f)) = wy det(M(f1))det(M(f2)). To conclude, we remark that according to Lemma
4.8, we have Aut(f) = Aut(f1) x Aut(f2). O

Proof of Proposition[5.1l Applying recursively Lemmas and we reduce to cases when Vert?(C)
has at most 1 element, for which we can easily check by hand that Proposition [5.1is true. Il

5.2. Examples of computations. Let us first compute again the multiplicity of the conic of
Example pictured in Figure [5| using the combinatorial procedure described above.

The automorphism group of the morphism is isomorphic to Z/2Z, the multiplicities p, of the
constraints is 1 except for the point sitting on an edge of weight 2 and for the vertical line in which
case it is 2. There is an edge of weight 2 contributing for 2 in the multiplicity and the vertices
all have multiplicity 1 as can be seen using the formula given at the beginning of previous section

and the orientations described in Figure @ The multiplicity of this morphism is thus pp ) (f) =

% x 22 x 2 x 1 = 4 which is indeed the number of conics tangent to two lines and passing through

three points provided that the configuration is generic.

FIGURE 6. Conic (with orientations) tangent to two lines

One can check using the same techniques and Figure [7] the number of conics tangent to 5 — & lines
when k varies from 0 to 5. In each case there is only one tropical curve satisfying the constraints
on which all the classical conics degenerate. Their multiplicities are min (2’“, 25*]“).

Finally, we draw on Figure [§| one of the rational cubics tangent to seven lines and passing through
one point.

In this case the automorphism group is isomorphic to (Z/ 22)3, all multiplicities of constraints
are 1 except that of the point and of the line having its vertex on a vertical edge of weight 2 which
are 3. The product of the weights of interior edges is 2* x 3 and all vertices have multiplicity 1.
This morphism thus contributes for i p, L)( f) = 54 to the seven hundreds classical rational cubics
tangent to seven lines.
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